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	1. 1
Chapter 4
Shaft Design
Determination  of the axial location of gears and bearings
To reduce shaft bending moment, the distances between the elements mounted on the shaft
must be kept as small as possible. A more detailed gearbox sketch is required to show the details
and have a rough estimation of the axial distances as shown in fig. 4.1.
Figure 4. 1 Shaft layout for the reverted gearbox indicating the estimated axial distances between the
gears and bearings, distances are in inches.
The face width of each gear is known
𝐹2 = 𝐹3 = 1.5 𝑖𝑛.
Similarly
𝐹4 = 𝐹5 = 2.0 𝑖𝑛.
A reasonable width for the bearings should be estimated. Therefore, the distance on the counter
(idler) shaft between the two gears is governed by bearing holders of the input and output shafts.
 


	2. 2
Although this distance  is 4 in. which is quite long, but it is unavoidable. Adding small distances
for the retaining rings, the overall length of the counter shaft will be 11.5 in.
Figure 4. 2 Counter shaft diameters, shoulders and the axial locations of the gears and bearing.
From the previous chapter
𝑊23
𝑡
= 540 𝑙𝑏𝑓
𝑊45
𝑡
= −2431 𝑙𝑏𝑓
𝑊𝑟
= 𝑊𝑡
tan 𝜙 … … … … … … … … … 𝐸𝑞. 28
Therefore
𝑊23
𝑟
= 𝑊23
𝑡
tan 𝜙
𝑊23
𝑟
= 540 tan 20
𝑊23
𝑟
= −197 𝑙𝑏𝑓
Similarly
𝑊45
𝑟
= −885 𝑙𝑏𝑓
The next step is to select a suitable material for the shaft followed by a rough estimation of the
shaft diameters at different axial locations. This could be achieved by determination of the
fatigue and static stress capacity based on the infinite life of the shaft and a minimum safety
factor of 1.5.
 


	3. 3
Force analysis
• Determination  of reaction
forces on bearings.
x-z plane
∑ 𝑀𝐴 = 0
𝑊23
𝑡
∗ 𝑥1 − 𝑊45
𝑡
∗ 𝑥2 + 𝑅𝐵𝑍 ∗ 𝑥3 = 0
540(2.75 − 0.75) − 2431(8.5 − 0.75)
+ 𝑅𝐵𝑍(10.75 − 0.75) = 0
𝑅𝐵𝑍 = 1776 𝑙𝑏𝑓
∑ 𝐹
𝑧 = 0
𝑅𝐴𝑍 + 𝑊23
𝑡
− 𝑊45
𝑡
+ 𝑅𝐵𝑍 = 0
𝑅𝐴𝑍 = −540 + 2431 − 1776
𝑅𝐴𝑍 = 115 𝑙𝑏𝑓
x-y plane
∑ 𝑀𝐴 = 0
𝑊23
𝑟
∗ 𝑥1 + 𝑊45
𝑟
∗ 𝑥2 − 𝑅𝐵𝑌 ∗ 𝑥3 = 0
197(2.75 − 0.75) + 885(8.5 − 0.75)
− 𝑅𝐵𝑌(10.75 − 0.75) = 0
𝑅𝐵𝑌 = 725.3 𝑙𝑏𝑓
∑ 𝐹𝑌 = 0
𝑅𝐴𝑌 − 𝑊23
𝑟
− 𝑊45
𝑟
+ 𝑅𝐵𝑌 = 0
𝑅𝐴𝑌 = 197 + 885 − 725.3
𝑅𝐴𝑌 = 356.7 𝑙𝑏𝑓
Figure 4. 3 Freebody diagram, torque, shear force and
bending moment diagrams for the shaft.
 


	4. 4
• The torque  diagram
𝑇3 = 𝑊23
𝑡
∗
𝑑3
2
𝑇3 = 540 ∗
12
2
𝑇3 = 3240 𝑙𝑏𝑓. 𝑖𝑛
𝑇4 = −W45
t
∗
d4
2
𝑇4 = −2431 ∗
2.67
2
𝑇4 = −3240 𝑙𝑏𝑓. 𝑖𝑛
The Shear force and Bending moment diagrams
x-y plane
𝑉𝐴𝐺 = 𝑅𝐴𝑌 = 357 𝑙𝑏𝑓
𝑉𝐺𝐽 = 𝑅𝐴𝑌 − 𝑊23
𝑟
𝑉𝐺𝐽 = 357 − 197
𝑉𝐺𝐽 = 160 𝑙𝑏𝑓
𝑉𝐽𝐵 = 𝑉𝐺𝐽 − 𝑊45
𝑟
𝑉𝐽𝐵 = 160 − 885
𝑉𝐽𝐵 = −725 = 𝑅𝐵𝑌
𝑀𝐺 = 𝑅𝐴𝑌 ∗ 𝑥1
𝑀𝐺 = 357(2.75 − 0.75)
𝑀𝐺 = 714 𝑙𝑏𝑓. 𝑖𝑛
𝑀𝐽 = 𝑅𝐴𝑌(8.5 − 0.75) − 𝑊23
𝑟 (8.5 − 2.75)
𝑀𝐽 = 357 ∗ (8.5 − 0.75) − 197(8.5 − 2.75)
𝑀𝐽 = 1634 𝑙𝑏𝑓. 𝑖𝑛
𝑀𝐵 = 𝑅𝐴𝑌(10.75 − 0.75) − 𝑊23
𝑟 (10.75 − 2.75) − 𝑊45
𝑟 (10.75 − 8.5)
𝑀𝐵 = 357(10) − 197(8) − 885(2.25)
𝑀𝐵 = 2.75 ≈ 0
 


	5. 5
x-z plane
𝑉𝐴𝐺 =  𝑅𝐴𝑍 = 115 𝑙𝑏𝑓
𝑉𝐺𝐽 = 𝑅𝐴𝑍 + 𝑊23
𝑡
𝑉𝐺𝐽 = 115 + 540
𝑉𝐺𝐽 = 655 𝑙𝑏𝑓
𝑉𝐽𝐵 = 𝑉𝐺𝐽 − 𝑊45
𝑡
𝑉𝐽𝐵 = 655 − 2431
𝑉𝐽𝐵 = −1776 = 𝑅𝐵𝑍
𝑀𝐺 = 𝑅𝐴𝑍 ∗ 𝑥1
𝑀𝐺 = 115 ∗ 2
𝑀𝐺 = 230 𝑙𝑏𝑓. 𝑖𝑛
𝑀𝐽 = 𝑅𝐴𝑍(8.5 − 0.75) + 𝑊23
𝑡 (8.5 − 2.75)
𝑀𝐽 = 115 ∗ (8.5 − 0.75) + 540(8.5 − 2.75)
𝑀𝐽 = 3996.25 𝑙𝑏𝑓. 𝑖𝑛
𝑀𝐵 = 𝑅𝐴𝑍(10.75 − 0.75) + 𝑊23
𝑡 (10.75 − 2.75) − 𝑊45
𝑡 (10.75 − 8.5)
𝑀𝐵 = 115(10) + 540(8) − 2431(2.25)
𝑀𝐵 = 0.25 ≈ 0
The total bending moment diagram
It could be found by superposition of the moments in the x-y plane and x-z plane.
𝑀𝐺 = √(714)2 + (230)2
𝑀𝐺 = 750 𝑙𝑏𝑓. 𝑖𝑛
Similarly
𝑀𝐽 = √(1634)2 + (3996.25)2
𝑀𝐽 = 4317 𝑙𝑏𝑓. 𝑖𝑛
 


	6. 6
The shoulder at  point I
The bending moment is the highest at the shoulder (point I), the torque is high and there is a
stress concentration as well.
In the x-y plane
𝑀𝐼 = 𝑅𝐴𝑌(7.5 − 0.75) − 𝑊23
𝑟 (7.5 − 2.75)
𝑀𝐼 = 357 ∗ (7.5 − 0.75) − 197(7.5 − 2.75)
𝑀𝐼 = 1474 𝑙𝑏𝑓. 𝑖𝑛
In the x-z plane
𝑀𝐼 = 𝑅𝐴𝑍(7.5 − 0.75) + 𝑊23
𝑡 (7.5 − 2.75)
𝑀𝐼 = 115 ∗ (7.5 − 0.75) + 540(7.5 − 2.75)
𝑀𝐼 = 3341.25 𝑙𝑏𝑓. 𝑖𝑛
Combined
𝑀𝐼 = √(1474)2 + (3341.25)2
𝑀𝐼 = 3652 𝑙𝑏𝑓. 𝑖𝑛
At point I, 𝑀𝐼 is alternating moment usually referred to as 𝑀𝑎 and defined by
𝑀𝑎 =
𝑀𝑚𝑎𝑥 − 𝑀𝑚𝑖𝑛
2
While the midrange moment is defined as
𝑀𝑚 =
𝑀𝑚𝑎𝑥 + 𝑀𝑚𝑖𝑛
2
The midrange torque is
𝑇𝑚 = 3240 𝑙𝑏𝑓. 𝑖𝑛
𝑀𝑚 = 𝑇𝑎 = 0
 


	7. 7
Estimation of the  stress concentrations
The stress concentration in shaft shoulders and keyways depend on the ratio of two diameters
which are unknown at this stage of the design. Therefore, a first estimation based on standard
proportions between the two diameters or between one diameter and the fillet radius is very
useful at the beginning to find the diameters.
Figure 4. 4 Different ways in stress concentration reduction at a shoulder supporting a bearing with
sharp radii.
For bearings
𝐷
𝑑
= 1.2~1.5
Where
𝐷 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑎𝑟𝑔𝑒𝑟 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑠ℎ𝑎𝑓𝑡 𝑎𝑡 𝑡ℎ𝑒 𝑠ℎ𝑜𝑢𝑙𝑑𝑒𝑟, 𝑖𝑛.
𝑑 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑟 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑠ℎ𝑎𝑓𝑡 𝑎𝑡 𝑡ℎ𝑒 𝑠ℎ𝑜𝑢𝑙𝑑𝑒𝑟, 𝑖𝑛.
The upper limit of 1.5 could be used as a first estimation and a worst-case scenario. The fillet
radius should also be sized to coincide with that of a standard bearing or gear.
𝑟
𝑑
= 0.02~0.06
Where
𝑟 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑖𝑙𝑙𝑒𝑡 𝑟𝑎𝑑𝑖𝑢𝑠, 𝑖𝑛.
𝑑 𝑖𝑠 𝑡ℎ𝑒 𝑏𝑒𝑎𝑟𝑖𝑛𝑔 𝑏𝑜𝑟𝑒 𝑜𝑟 𝑡ℎ𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑟 𝑠ℎ𝑎𝑓𝑡 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑎𝑡 𝑡ℎ𝑒 𝑠ℎ𝑜𝑢𝑙𝑑𝑒𝑟, 𝑖𝑛.
The Marin equation for the determination of the endurance limit is
𝑆𝑒 = 𝑘𝑎𝑘𝑏𝑘𝑐𝑘𝑑𝑘𝑒𝑘𝑓𝑆𝑒
′
… … … … … … . . 𝐸𝑞. 29
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Where
𝑆𝑒 𝑖𝑠 𝑡ℎ𝑒  𝑒𝑛𝑑𝑢𝑟𝑎𝑛𝑐𝑒 𝑙𝑖𝑚𝑖𝑡 𝑎𝑡 𝑡ℎ𝑒 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 𝑑𝑢𝑒 𝑡𝑜 𝑝𝑎𝑟𝑡 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑦 𝑜𝑟 𝑢𝑠𝑎𝑔𝑒.
𝑘𝑎 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑚𝑜𝑑𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟.
𝑘𝑏 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑖𝑧𝑒 𝑚𝑜𝑑𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟.
𝑘𝑐 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑜𝑎𝑑 𝑚𝑜𝑑𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟.
𝑘𝑑 𝑖𝑠 𝑡ℎ𝑒 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑚𝑜𝑑𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟.
𝑘𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑙𝑖𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑓𝑎𝑐𝑡𝑜𝑟.
𝑘𝑓 𝑖𝑠 𝑡ℎ𝑒 𝑚𝑖𝑠𝑐𝑒𝑙𝑙𝑎𝑛𝑒𝑜𝑢𝑠 − 𝑒𝑓𝑓𝑒𝑐𝑡𝑠 𝑚𝑜𝑑𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟.
𝑆𝑒
′
𝑖𝑠 𝑡ℎ𝑒 𝑟𝑜𝑡𝑎𝑟𝑦 − 𝑏𝑒𝑎𝑚 𝑡𝑒𝑠𝑡 𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛 𝑒𝑛𝑑𝑢𝑟𝑎𝑛𝑐𝑒 𝑙𝑖𝑚𝑖𝑡.
𝑘𝑎 = 𝑎𝑆𝑢𝑡
𝑏
… … … … … … … … 𝐸𝑞. 30
𝑆𝑢𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ
𝑎 𝑎𝑛𝑑 𝑏 𝑎𝑟𝑒 𝑙𝑖𝑠𝑡𝑒𝑑 𝑖𝑛 𝑡𝑎𝑏𝑙𝑒 4.1
Table 4. 1 Parameters for Marin surface modification factor ka.
A 1020 CD steel is chosen for its low price with 𝑺𝒖𝒕 = 𝟔𝟖 𝒌𝒑𝒔𝒊, Sy = 57 kpsi. From table 4.2
below.
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Table 4. 2
therefore,
𝑎  = 2.7 𝑘𝑝𝑠𝑖 𝑏 = −0.265
Then
𝑘𝑎 = 2.7(68)−0.265
= 0.883
Let
𝑘𝑏 = 0.9 (𝑡𝑜 𝑏𝑒 𝑐ℎ𝑒𝑐𝑘𝑒𝑑 𝑙𝑎𝑡𝑒𝑟 − 𝑜𝑛 𝑤ℎ𝑒𝑛 𝑑 𝑖𝑠 𝑘𝑛𝑜𝑤𝑛)
𝑘𝑐 = 𝑘𝑑 = 𝑘𝑒 = 1
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And
𝑆𝑒
′
= 0.5 ∗  𝑆𝑢𝑡 𝑓𝑜𝑟 𝑆𝑢𝑡 ≤ 200 𝑘𝑝𝑠𝑖
𝑆𝑒
′
= 100 𝑘𝑝𝑠𝑖 𝑓𝑜𝑟 𝑆𝑢𝑡 > 200 𝑘𝑝𝑠𝑖
Using eq. 29
𝑆𝑒 = 0.883 ∗ 0.9 ∗ 0.5 ∗ 68
𝑆𝑒 = 27.0 𝑘𝑝𝑠𝑖
Using DE-Goodman criterion to make the first estimate for the smaller diameter at the shoulder
𝑑 = √
16𝑛
𝜋
{
1
𝑆𝑒
√4(𝐾𝑓𝑀𝑎)
2
+ 3(𝐾𝑓𝑠𝑇𝑎)
2
+
1
𝑆𝑢𝑡
√4(𝐾𝑓𝑀𝑚)
2
+ 3(𝐾𝑓𝑠𝑇𝑚)
2
}
3
… … … … 𝐸𝑞. 31
Table 4. 3 First iteration estimates for stress concentration factors Kt.
Assuming shoulder-fillet well-rounded or r/d=0.1 then
From table 4.3
𝐾𝑡 = 1.7 𝑎𝑛𝑑
𝐾𝑡𝑠 = 1.5
Assume
𝐾𝑓 = 𝐾𝑡 𝑎𝑛𝑑 𝐾𝑓𝑠 = 𝐾𝑡𝑠
with
𝑀𝑚 = 𝑇𝑎 = 0
The Goodman reduces to
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𝑑 = √
16𝑛
𝜋
{
2𝐾𝑓𝑀𝑎
𝑆𝑒
+
𝐾𝑓𝑠𝑇𝑚
𝑆𝑢𝑡
√3}
3
…  … … … … … … 𝐸𝑞. 32
𝑑 = √
16 ∗ 1.5
𝜋
{
2 ∗ 1.7 ∗ 3651
27 000
+
1.5 ∗ 3240
68 000
√3}
3
𝑑 = 1.65 𝑖𝑛.
Since the Goodman criterion is conservative, then it possible to select the next standard size
below 1.65 which is
𝑑 = 1
5
8
𝑖𝑛.
𝑑 = 1.625 𝑖𝑛.
A typical diameter ratio at the shoulder is
𝐷
𝑑
= 1.2
Therefore,
𝐷 = 1.2 ∗ 1.625 = 1.95 𝑖𝑛.
Round up to 𝐷 = 2.0 𝑖𝑛.
A nominal 2.0 in. CD shaft is used
Checking the acceptability of the estimates
𝐷
𝑑
=
2
1.625
= 1.23
Assume fillet radius to diameter ratio
𝑟
𝑑
= 0.1
Therefore,
𝑟 = 0.1 ∗ 1.625 = 0.16 𝑖𝑛.
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Figure 4. 5  Stress concentration factor for round shaft with shoulder fillet in bending.
Using fig. 4.5 for (r/d) =0.1 and (D/d) =1.23 then
𝐾𝑡 = 1.6
Using fig.4.6 to find the sensitivity factor q.
Figure 4. 6 Notch-sensitivity chart for steel and aluminum subjected to reversed bending or reversed axil
loads.
Then
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𝑞 = 0.82
𝐾𝑓  = 1 + 𝑞(𝐾𝑡 − 1) … … … … . . 𝐸𝑞. 33
𝐾𝑓 = 1 + 0.82(1.6 − 1)
𝐾𝑓 = 1.49
Using fig. 4.7 for (r/d) =0.1 and (D/d) =1.23 then
𝐾𝑡𝑠 = 1.35
Figure 4. 7 Stress concentration factor for round shaft with shoulder fillet in torsion.
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Figure 4. 8  Notch-sensitivity curves for materials in reversed torsion.
Using fig. 4.8 for r=1.6 in. then
𝑞𝑠 = 0.95
𝐾𝑓𝑠 = 1 + 𝑞𝑠ℎ𝑒𝑎𝑟(𝐾𝑡𝑠 − 1) … … … … … 𝐸𝑞. 34
𝐾𝑓𝑠 = 1 + 0.95(1.35 − 1)
𝐾𝑓𝑠 = 1.33
𝐾𝑎 = 0.883 (𝑛𝑜𝑡 𝑐ℎ𝑎𝑛𝑔𝑒𝑑)
𝑘𝑏 = (
𝑑
0.3
)
−0.107
𝑓𝑜𝑟 0.11 ≤ 𝑑 ≤ 2.0 𝑖𝑛. … … … . . 𝐸𝑞. 35
𝑘𝑏 = 0.91𝑑−0.157
𝑓𝑜𝑟 2.0 < 𝑑 ≤ 10 𝑖𝑛. … … … … 𝐸𝑞. 36
Using eq. 35
𝑘𝑏 = (
1.625
0.3
)
−0.107
= 0.835
Using eq. 29
𝑆𝑒 = 0.883 ∗ 0.835 ∗ 0.5 ∗ 68
𝑆𝑒 = 25.1 𝑘𝑝𝑠𝑖
The Von Mises stresses for rotating round, solid shafts, neglecting axial loads are given by:
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𝜎𝑎
′
= (𝜎𝑎
2
+ 3𝜏𝑎
2)1  2
⁄
= [(
32𝐾𝑓𝑀𝑎
𝜋𝑑3
)
2
+ 3 (
16𝐾𝑓𝑠𝑇𝑎
𝜋𝑑3
)
2
]
1 2
⁄
… … … … … . 𝐸𝑞. 37
Using eq. 37 to find the alternating stress
𝜎𝑎
′
=
32𝐾𝑓𝑀𝑎
𝜋𝑑3
𝜎𝑎
′
=
32 ∗ 1.49 ∗ 3651
𝜋(1.625)3
𝜎𝑎
′
= 12 910 𝑝𝑠𝑖
𝜎𝑚
′
= (𝜎𝑚
2
+ 3𝜏𝑚
2 )1 2
⁄
= [(
32𝐾𝑓𝑀𝑚
𝜋𝑑3
)
2
+ 3 (
16𝐾𝑓𝑠𝑇𝑚
𝜋𝑑3
)
2
]
1 2
⁄
… … … … … 𝐸𝑞. 38
𝜎𝑚
′
= [3 (
16𝐾𝑓𝑠𝑇𝑚
𝜋𝑑3
)
2
]
1 2
⁄
𝜎𝑚
′
=
√3 ∗ 16 ∗ 1.33 ∗ 3240
𝜋(1.625)3
𝜎𝑚
′
= 8859 𝑝𝑠𝑖
Using Goodman criterion
1
𝑛𝑓
=
𝜎𝑎
′
𝑆𝑒
+
𝜎𝑚
′
𝑆𝑢𝑡
1
𝑛𝑓
=
12 910
25 100
+
8859
68 000
= 0.645
𝑛𝑓 = 1.55
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Check for Yielding
The  von Mises maximum stress is
𝜎𝑚𝑎𝑥
′
= [(𝜎𝑚 + 𝜎𝑎)2
+ 3(𝜏𝑚 + 𝜏𝑎)2]1 2
⁄
𝜎𝑚𝑎𝑥
′
= [(
32𝐾𝑓(𝑀𝑚 + 𝑀𝑎)
𝜋𝑑3
)
2
+ 3 (
16𝐾𝑓𝑠(𝑇𝑚 + 𝑇𝑎)
𝜋𝑑3
)
2
]
1 2
⁄
… … … … … 𝐸𝑞. 39
To check for yielding, Eq. 30 is compared to the yield strength, then
𝑛𝑦 =
𝑆𝑦
𝜎𝑚𝑎𝑥
′
Note: for a quick conservative check, the sum of alternating stress and the midrange stress is
always greater or equal to the maximum stress therefore, the results will be conservative.
𝜎𝑎
′
+ 𝜎𝑚
′
≥ 𝜎𝑚𝑎𝑥
′
Therefore,
𝑛𝑦 =
𝑆𝑦
𝜎𝑚𝑎𝑥
′
>
𝑆𝑦
𝜎𝑎
′ + 𝜎𝑚
′
𝑛𝑦 =
57 000
12 900 + 8859
= 2.62
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The Keyway
The keyway  is a groove made in the shaft to fix the gear mounted on the shaft in position. This
keyway affects the diameter of the shaft and reduces its strength. The keyway extends to a point
just to the right of point (I).
From the total bending moment diagram, let the moment at the end of keyway close to point (I)
is
𝑀 = 3 750 𝑙𝑏𝑓. 𝑖𝑛
Assume that at the bottom of the keyway
𝑟
𝑑
= 0.02 (𝑎 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑝𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛)
Therefore,
𝑟 = 0.02 ∗ 1.625
𝑟 = 0.0325 𝑖𝑛.
Using fig. 4.5
𝐾𝑡 = 2.4
And using fig. 4.6
𝑞 = 0.65
Using eq.33
𝐾𝑓 = 1 + 𝑞(𝐾𝑡 − 1)
𝐾𝑓 = 1 + 0.65(2.4 − 1)
𝐾𝑓 = 1.91
Using fig. 4.7
𝐾𝑡𝑠 = 2.2
Fig 4.8 gives
𝑞𝑠 = 0.9
Using eq.34
𝐾𝑓𝑠 = 1 + 𝑞𝑠ℎ𝑒𝑎𝑟(𝐾𝑡𝑠 − 1)
𝐾𝑓𝑠 = 1 + 0.9(2.2 − 1)
𝐾𝑓𝑠 = 2.08
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𝜎𝑎
′
=
32𝐾𝑓𝑀𝑎
𝜋𝑑3
𝜎𝑎
′
=
32 ∗ 1.91  ∗ 3750
𝜋(1.625)3
𝜎𝑎
′
= 17 000 𝑝𝑠𝑖
𝜎𝑚
′
= [3 (
16𝐾𝑓𝑠𝑇𝑚
𝜋𝑑3
)
2
]
1 2
⁄
𝜎𝑚
′
=
√3 ∗ 16 ∗ 2.08 ∗ 3240
𝜋(1.625)3
𝜎𝑚
′
= 13 854 𝑝𝑠𝑖
1
𝑛𝑓
=
𝜎𝑎
′
𝑆𝑒
+
𝜎𝑚
′
𝑆𝑢𝑡
1
𝑛𝑓
=
17 000
25 100
+
13 854
68 000
= 0.881
𝑛𝑓 = 1.13
Note: the results show that the keyway is more critical than the shoulder. Therefore, to overcome
the conundrum, it is recommended to change the shaft material to a higher strength or to change
its diameter to a larger size.
Trying
steel 1050 CD with 𝑺𝒖𝒕 = 𝟏𝟎𝟎 𝒌𝒑𝒔𝒊, 𝑺𝒚 = 𝟖𝟒 𝒌𝒑𝒔𝒊. From table 4.2.
and recalculating the factors affected by 𝑆𝑢𝑡.
Using eq.30
𝑘𝑎 = 𝑎𝑆𝑢𝑡
𝑏
𝑘𝑎 = 2.7(100)−0.265
= 0.797
Using eq. 29
𝑆𝑒 = 0.797 ∗ 0.835 ∗ 0.5 ∗ 100
𝑆𝑒 = 33.3 𝑘𝑝𝑠𝑖
Fig. 4.6 gives
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𝑞 = 0.72
𝐾𝑓  = 1 + 𝑞(𝐾𝑡 − 1)
𝐾𝑓 = 1 + 0.72(2.4 − 1)
𝐾𝑓 = 2.008
𝜎𝑎
′
=
32𝐾𝑓𝑀𝑎
𝜋𝑑3
𝜎𝑎
′
=
32 ∗ 2.008 ∗ 3750
𝜋(1.625)3
𝜎𝑎
′
= 17 874 𝑝𝑠𝑖
1
𝑛𝑓
=
𝜎𝑎
′
𝑆𝑐
+
𝜎𝑚
′
𝑆𝑢𝑡
1
𝑛𝑓
=
17 874
33 300
+
13 854
100 000
= 0.675
𝑛𝑓 = 1.48
This value is quite close to the required 1.5, and since the Goodman equations are conservative
therefore, the value of 𝑛𝑓 = 1.48 is acceptable.
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Inspecting point K
The  retaining ring groove
At point (K) a flat bottom groove exists to accommodate the retaining ring. This point is
characterized by:
𝐾𝑡 𝑖𝑠 𝑣𝑒𝑟𝑦 ℎ𝑖𝑔ℎ 𝑓𝑜𝑟 𝑓𝑙𝑎𝑡 𝑏𝑜𝑡𝑡𝑜𝑚 𝑔𝑟𝑜𝑜𝑣𝑒𝑠
𝑇 = 0 𝑎𝑠 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑡𝑜𝑟𝑞𝑢𝑒 𝑑𝑖𝑎𝑔𝑟𝑎𝑚
𝑀𝑎 = 2398 𝑙𝑏𝑓. 𝑖𝑛 𝑎𝑠 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑚𝑜𝑚𝑒𝑛𝑡 𝑑𝑖𝑎𝑔𝑟𝑎𝑚
𝑀𝑚 = 𝑇𝑎 = 𝑇𝑚 = 0
In order to check how critical point (K) is
Using table 4.3 to estimate the stress concentration factor as follows:
𝐾𝑓 = 𝐾𝑡 = 5.0
𝜎𝑎 =
32𝐾𝑓𝑀𝑎
𝜋𝑑3
𝜎𝑎 =
32 ∗ 5 ∗ 2398
𝜋(1.625)3
𝜎𝑎 = 28 460 𝑝𝑠𝑖
𝑛𝑓 =
𝑆𝑒
𝜎𝑎
𝑛𝑓 =
33 300
28 460
= 1.17
This quick check revealed a low safety factor.
For a detailed determination of point (K) specs, standard retaining ring specs could be obtained
from related tables and going online to (www.globalspec.com)
Using the shaft diameter of 1.625 in. to get
Groove width
𝑎 = 0.068 𝑖𝑛.
Groove depth
𝑡 = 0.048 𝑖𝑛.
Fillet radius at bottom of the groove
𝑟 = 0.01 𝑖𝑛.
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Therefore,
𝑟
𝑡
= 0.208
𝑎
𝑡
= 1.42
𝑑  = 𝐷 − 2𝑡
𝑑 = 1.625 − 2 ∗ 0.048
𝑑 = 1.529 𝑖𝑛
Using fig. 4.9
Figure 4. 9 Flat-bottom groove on a round shaft under bending and/or tension.
𝐾𝑡 = 4.3
Fig. 4.6 yields
𝑞 = 0.65
𝐾𝑓 = 1 + 𝑞(𝐾𝑡 − 1)
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𝐾𝑓 = 1  + 0.65(4.3 − 1)
𝐾𝑓 = 3.15
𝜎𝑎 =
32𝐾𝑓𝑀𝑎
𝜋𝑑3
𝜎𝑎 =
32 ∗ 3.15 ∗ 2398
𝜋(1.625)3
𝜎𝑎 = 17 930 𝑝𝑠𝑖
𝑛𝑓 =
𝑆𝑒
𝜎𝑎
𝑛𝑓 =
33 300
17 930
= 1.86
• Determination of D6
Since
𝐷
𝑑
= 1.2~1.5
Then
𝑑 =
𝐷
1.2
𝑑 =
1.625
1.2
= 1.354 𝑖𝑛
Therefore
𝐷6 = 𝑑 = 1.354 𝑖𝑛
Round up to the next standard size
Therefore
𝐷6 = 1.4 𝑖𝑛
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Inspecting point M
Point  (M) is characterized by being a shoulder to axially hold the bearing. Only bending is present
due to a small moment. However, the cross-section area is small too, which results in a high stress
concentration especially the fillet radius is small to accommodate the bearing.
Finding the Moment at point M
In the x-y plane
𝑀𝑀 = 𝑅𝐴𝑌(10.25 − 0.75) − 𝑊23
𝑟 (10.25 − 2.75) − 𝑊45
𝑟 (10.25 − 8.5)
𝑀𝑀 = 357 ∗ (10.25 − 0.75) − 197(10.25 − 2.75) − 885(10.25 − 8.5)
𝑀𝑀 = 365.25 𝑙𝑏𝑓. 𝑖𝑛
In the x-z plane
𝑀𝑀 = 𝑅𝐴𝑍(10.25 − 0.75) + 𝑊23
𝑡 (10.25 − 2.75) − 𝑊45
𝑡 (10.25 − 8.5)
𝑀𝑀 = 115 ∗ (10.25 − 0.75) + 540(10.25 − 2.75) − 2431(10.25 − 8.5)
𝑀𝑀 = 888.25 𝑙𝑏𝑓. 𝑖𝑛
Combined
𝑀𝑀 = √(365.25)2 + (888.25)2
𝑀𝑀 = 960.41 𝑙𝑏𝑓. 𝑖𝑛
Therefore
𝑀𝑎 = 960.41 𝑙𝑏𝑓. 𝑖𝑛
And
𝑀𝑚 = 𝑇𝑚 = 𝑇𝑎 = 0
Using table 4.3 for a quick estimation of Kt for a sharp fillet shoulder where
𝑟
𝑑
= 0.02
And
𝐾𝑡 = 2.7
Also
𝑑 = 1 𝑖𝑛.
Therefore
𝑟 = 0.02 ∗ 1 = 0.02 𝑖𝑛.
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Using fig. 4.6
𝑞  = 0.7
𝐾𝑓 = 1 + 𝑞(𝐾𝑡 − 1)
𝐾𝑓 = 1 + 0.7(2.7 − 1)
𝐾𝑓 = 2.19
𝜎𝑎 =
32𝐾𝑓𝑀𝑎
𝜋𝑑3
𝜎𝑎 =
32 ∗ 2.19 ∗ 960.41
𝜋(1)3
𝜎𝑎 = 21 390 𝑝𝑠𝑖
𝑛𝑓 =
𝑆𝑒
𝜎𝑎
𝑛𝑓 =
33 300
21 390
= 1.56
This value of (nf) is satisfactory and should be checked as the bearing is selected.
As the shaft diameters at the critical positions were determined and by taking the shoulders
heights, to retain the gears and bearings, in consideration, other shaft diameters could be
estimated. These diameters will be checked when the bearings are selected.
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𝐷1 = 𝐷7  = 1.0 𝑖𝑛.
𝐷2 = 𝐷6 = 1.4 𝑖𝑛.
𝐷3 = 𝐷5 = 1.625 𝑖𝑛.
𝐷4 = 2.0 𝑖𝑛.
Note:
Although the bending moments on the left side of the shaft is much smaller than those of the
right side, there is no need to reduce their diameters unless the weight detriments the operation.
On the other hand, larger diameters enhance shaft strength.
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The rigidity of  the shaft
Deflection of the shaft
Any deflection in the shaft could have detrimental consequences on the mounted gears and
bearings with high noise levels due to the vibrations. Deflection analyses require a full knowledge
of the shaft geometry and dimensions. Table 4.4 exhibits rough guidelines for the deflections and
the maximum slopes under particular elements mounted on the shaft. Fillets, grooves, and
keyways do not have a tangible effect on shaft deflection
Table 4. 4 Typical maximum ranges for slopes and transvers deflections.
The deflection is usually determined by double integration of the moment equation
𝐸𝐼
𝑑2
𝑦
𝑑𝑥2
= 𝑀 … … … … … … … 𝐸𝑞. 40
Where
𝐸 = 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑒𝑙𝑎𝑠𝑡𝑖𝑐𝑖𝑡𝑦, 𝑀𝑝𝑠𝑖
𝐼 = 𝑠𝑒𝑐𝑜𝑛𝑑 𝑚𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝑎𝑟𝑒𝑎, 𝑖𝑛4
𝑦 = 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠ℎ𝑎𝑓𝑡, 𝑖𝑛.
𝑑𝑦
𝑑𝑥
= 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑢𝑟𝑣𝑒 𝑎𝑡 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑥, 𝑑𝑒𝑔.
𝑀 = 𝑡ℎ𝑒 𝑚𝑜𝑚𝑒𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠ℎ𝑎𝑓𝑡, 𝑙𝑏𝑓. 𝑖𝑛.
In other instances, superposition of some common cases is used to solve for the deflection. The
situation worsens for stepped shafts since (M) and (I) vary throughout the sections. Therefore,
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singularity functions are  used to solve the problems also special software are immensely helpful
in complicated designs.
• Determination of Deflection by Singularity Functions
𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑚𝑜𝑚𝑒𝑛𝑡 𝑀𝐵
〈𝑥−𝑥1〉0
0!
𝑝𝑜𝑖𝑛𝑡 𝑙𝑜𝑎𝑑 𝑃𝐶
〈𝑥 − 𝑥2〉1
1!
𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝑙𝑜𝑎𝑑 𝑤
〈𝑥 − 𝑥3〉2
2!
𝑟𝑎𝑚𝑝 𝑙𝑜𝑎𝑑
∆𝑤
∆𝑥
〈𝑥 − 𝑥4〉3
3!
Figure 4. 10 A typical illustration of a beam subjected to various types of loads at different sections.
𝑀 = 𝐴𝑦𝑥 + 𝑀𝐵〈𝑥 − 𝑥1〉0
− 𝑃𝐶〈𝑥 − 𝑥2〉1
−
𝑤
2
〈𝑥 − 𝑥3〉2
0 ≤ 𝑥 ≤ 𝐿
Note:
The pointed brackets are omitted when the arguments in the pointed bracket is negative
because that means that the force or moment does not exist.
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At the shoulder
•  Divide the moment equation by the second moment of area (I) of the previous section
of the shaft. The equation becomes.
𝑀
𝐼
• At the distance (𝑥𝐻) where the shoulder exists, add a step change in (𝑀 𝐼
⁄ ) as follows:
𝑠𝑡𝑒𝑝 = ∆ (
𝑀
𝐼
)
𝑠𝑡𝑒𝑝 = (
𝑀𝐻
𝐼𝐻𝐼
) − (
𝑀𝐻
𝐼𝐷𝐻
)
• At the distance (𝑥𝐻) where the shoulder exists, add a ramp change in (𝑀 𝐼
⁄ ) as follows:
𝑠𝑙𝑜𝑝𝑒 = 𝑚 = [
(
𝑀
𝐼
)
𝑥
]
𝑚𝐺𝐻 = [
(
𝑀𝐻
𝐼𝐴𝐻
) − (
𝑀𝐺
𝐼𝐴𝐻
)
𝑥𝐺𝐻
]
𝐼 =
𝜋𝑑4
64
𝐼𝐷𝐻 = 𝐼𝐼𝑀 =
𝜋(1.625)4
64
= 0.342 𝑖𝑛4
Figure 4. 11 A stepped shaft subjected to concentrated loads.
RB
RA
A D G H I M
J
Y P
X
Previous section Next section
Shoulder
P
B
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𝐼𝐻𝐼 =
𝜋(2.0)4
64
= 0.785  𝑖𝑛4
xz plane
shoulder H
(
𝑀𝐺
𝐼𝐴𝐻
)
𝐺
=
230
0.342
= 672 𝑙𝑏𝑓/𝑖𝑛3
𝑀𝐻 = 𝑅𝐴𝑍(3.5 − 0.75) + 𝑊23
𝑡 (3.5 − 2.75)
𝑀𝐻 = 115(3.5 − 0.75) + 540(3.5 − 2.75)
𝑀𝐻 = 721.25 𝑙𝑏𝑓. 𝑖𝑛
(
𝑀𝐻
𝐼𝐴𝐻
)
𝐻
=
721.25
0.342
= 2108 𝑙𝑏𝑓/𝑖𝑛3
𝑠𝑙𝑜𝑝𝑒𝐺𝐻 =
2109 − 672
0.75
= 1 916 𝑙𝑏𝑓/𝑖𝑛4
(
𝑀𝐻
𝐼𝐻𝐼
)
𝐻
=
721.25
0.785
= 918 𝑙𝑏𝑓/𝑖𝑛3
(
𝑀𝐼
𝐼𝐻𝐼
)
𝐼
=
3341
0.785
= 4256 𝑙𝑏𝑓/𝑖𝑛3
𝑠𝑙𝑜𝑝𝑒𝐻𝐼 =
4256 − 918
4
= 834.5 𝑙𝑏𝑓/𝑖𝑛4
∆ 𝑚 = 𝑠𝑙𝑜𝑝𝑒𝐺𝐻 − 𝑠𝑙𝑜𝑝𝑒𝐻𝐼
∆𝑚 = 834.5 − 1 916 = −1081.5 𝑙𝑏𝑓/𝑖𝑛4
𝑠𝑡𝑒𝑝𝐻 = (
𝑀𝐻
𝐼𝐻𝐼
)
𝐻
− (
𝑀𝐻
𝐼𝐴𝐻
)
𝐻
𝑠𝑡𝑒𝑝𝐻 = 918 − 2109 = −1 191 𝑙𝑏𝑓/𝑖𝑛3
𝑆ℎ𝑜𝑢𝑙𝑑𝑒𝑟 𝐼
(
𝑀𝐼
𝐼𝐼𝐵
)
𝐼
=
3341
0.342
= 9769 𝑙𝑏𝑓/𝑖𝑛3
(
𝑀𝐽
𝐼𝐼𝐵
)
𝐽
=
3996
0.342
= 11 684 𝑙𝑏𝑓/𝑖𝑛3
𝑠𝑙𝑜𝑝𝑒𝐼𝐽 =
11 684 − 9769
1
= 1 915 𝑙𝑏𝑓 𝑖𝑛4
⁄
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∆ 𝑚 =  𝑠𝑙𝑜𝑝𝑒𝐼𝐽 − 𝑠𝑙𝑜𝑝𝑒𝐻𝐼
∆ 𝑚 = 1 915 − 834.5 = 1080.5 𝑙𝑏𝑓/𝑖𝑛4
𝑠𝑡𝑒𝑝𝐼 = (
𝑀𝐼
𝐼𝐼𝐵
)
𝐼
− (
𝑀𝐼
𝐼𝐻𝐼
)
𝐼
𝑠𝑡𝑒𝑝𝐼 = 9769 − 4256 = 5 513 𝑙𝑏𝑓/𝑖𝑛3
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𝑇ℎ𝑒 𝑚𝑜𝑚𝑒𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛
𝑀  = 𝑅𝐴𝑍𝑥 + 𝑊23
𝑡 〈𝑥 − 2〉1
− 𝑊45
𝑡 〈𝑥 − 7.75〉1
𝑀
𝐼
=
𝑅𝐴𝑍
𝐼𝐴𝐻
𝑥 +
𝑊23
𝑡
𝐼𝐴𝐻
〈𝑥 − 2〉1
+ ∆ (
𝑀
𝐼
)
𝐻
〈𝑥 − 2.75〉0
+ ∆𝑚𝐺𝐻,𝐻𝐼〈𝑥 − 2.75〉1
−
𝑊45
𝑡
𝐼𝐼𝐵
〈𝑥 − 7.75〉1
+ ∆ (
𝑀
𝐼
)
𝐼
〈𝑥 − 6.75〉0
+ ∆𝑚𝐼𝐽,𝐽𝐵〈𝑥 − 6.75〉1
𝑀
𝐼
=
115
0.342
𝑥 +
540
0.342
〈𝑥 − 2〉1
− 1190〈𝑥 − 2.75〉0
− 1080〈𝑥 − 2.75〉1
−
2431
0.342
〈𝑥 − 7.75〉1
+ 5 513〈𝑥 − 6.75〉0
+ 1081〈𝑥 − 6.75〉1
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But
𝑀
𝐼
= 𝐸
𝑑2𝑦
𝑑𝑥2
𝑑𝑜𝑢𝑏𝑙𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛  𝑦𝑖𝑒𝑙𝑑𝑠
𝐸
𝑑𝑦
𝑑𝑥
= 168.1𝑥2
+ 789.5〈𝑥 − 2〉2
− 1191〈𝑥 − 2.75〉1
− 540.75〈𝑥 − 2.75〉2
− 3554〈𝑥 − 7.75〉2
+ 5513〈𝑥 − 6.75〉1
+ 540.25〈𝑥 − 6.75〉2
+ 𝐶1
𝐸𝑦 = 56𝑥3
+ 263.1〈𝑥 − 2〉3
− 595.5〈𝑥 − 2.75〉2
− 180.25〈𝑥 − 2.75〉3
− 1 184.7〈𝑥 − 7.75〉3
+ 2756.5〈𝑥 − 6.75〉2
+ 180.1〈𝑥 − 6.75〉3
+ 𝐶1𝑥 + 𝐶2
Boundary conditions
𝑥 = 0 , 𝑦 = 0 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝐶2 = 0
𝑥 = 𝑙 , 𝑦 = 0
And substituting
𝐸 = 30 𝑀𝑝𝑠𝑖 𝑓𝑜𝑟 𝑠𝑡𝑒𝑒𝑙
0 = 56 ∗ 103
+ 134707 − 31301 − 68689.3 − 13494.5 + 29115.5 + 6182.5 + 10𝐶1
𝐶1 = −11 252
𝑑𝑦
𝑑𝑥
=
1
30 ∗ 106
[168.1𝑥2
+ 789.5〈𝑥 − 2〉2
− 1191〈𝑥 − 2.75〉1
− 540.75〈𝑥 − 2.75〉2
− 3554〈𝑥 − 7.75〉2
+ 5513〈𝑥 − 6.75〉1
+ 540.25〈𝑥 − 6.75〉2
− 11 252]
𝑦 =
1
30 ∗ 106
[56𝑥3
+ 263.1〈𝑥 − 2〉3
− 595〈𝑥 − 2.75〉2
− 180.25〈𝑥 − 2.75〉3
− 405.16〈𝑥 − 7.75〉3
+ 2756.5〈𝑥 − 6.75〉2
+ 180.1〈𝑥 − 6.75〉3
− 11 252𝑥]
𝑇ℎ𝑒 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛
𝑦 =
1
30 ∗ 106
[56𝑥3
− 11 252𝑥] 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 2
𝑦 =
1
30 ∗ 106
[56𝑥3
+ 263.1〈𝑥 − 2〉3
− 11 252𝑥] 𝑓𝑜𝑟 2 < 𝑥 ≤ 2.75
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𝑦 =
1
30 ∗  106
[56𝑥3
+ 263.1〈𝑥 − 2〉3
− 595〈𝑥 − 2.75〉2
− 180.25〈𝑥 − 2.75〉3
− 11 252𝑥] 𝑓𝑜𝑟 2.75 < 𝑥 ≤ 6.75
𝑦 =
1
30 ∗ 106
[56𝑥3
+ 263.1〈𝑥 − 2〉3
− 595〈𝑥 − 2.75〉2
− 180.25〈𝑥 − 2.75〉3
+ 2756.5〈𝑥 − 6.75〉2
+ 180.1〈𝑥 − 6.75〉3
− 11 252𝑥] 𝑓𝑜𝑟 6.75 < 𝑥 ≤ 7.75
𝑦 =
1
30 ∗ 106
[56𝑥3
+ 263.1〈𝑥 − 2〉3
− 595〈𝑥 − 2.75〉2
− 180.25〈𝑥 − 2.75〉3
− 405.16〈𝑥 − 7.75〉3
+ 2756.5〈𝑥 − 6.75〉2
+ 180.1〈𝑥 − 6.75〉3
− 11 252𝑥] 𝑓𝑜𝑟 7.75 < 𝑥 ≤ 10
𝑇ℎ𝑒 𝑠𝑙𝑜𝑝𝑒
𝑑𝑦
𝑑𝑥
=
1
30 ∗ 106
[168.1𝑥2
− 11 252] 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 2
𝑑𝑦
𝑑𝑥
=
1
30 ∗ 106
[168.1𝑥2
+ 789.5〈𝑥 − 2〉2
− 11 252] 𝑓𝑜𝑟 2 ≤ 𝑥 ≤ 2.75
𝑑𝑦
𝑑𝑥
=
1
30 ∗ 106
[168.1𝑥2
+ 789.5〈𝑥 − 2〉2
− 1191〈𝑥 − 2.75〉1
− 540.75〈𝑥 − 2.75〉2
− 11 252] 𝑓𝑜𝑟 2.75 ≤ 𝑥 ≤ 6.75
𝑑𝑦
𝑑𝑥
=
1
30 ∗ 106
[168.1𝑥2
+ 789.5〈𝑥 − 2〉2
− 1191〈𝑥 − 2.75〉1
− 540.75〈𝑥 − 2.75〉2
+ 5513〈𝑥 − 6.75〉1
+ 540.25〈𝑥 − 6.75〉2
− 11 252] 𝑓𝑜𝑟 6.75 ≤ 𝑥 ≤ 7.75
𝑑𝑦
𝑑𝑥
=
1
30 ∗ 106
[168.1𝑥2
+ 789.5〈𝑥 − 2〉2
− 1191〈𝑥 − 2.75〉1
− 540.75〈𝑥 − 2.75〉2
− 3554〈𝑥 − 7.75〉2
+ 5513〈𝑥 − 6.75〉1
+ 540.25〈𝑥 − 6.75〉2
− 11 252] 𝑓𝑜𝑟 7.75 ≤ 𝑥 ≤ 10
x [in.] Point Fittings y [in.] dy/dx [deg.]
0 A Left bearing 0 0.02263
2 G Gear 3 - 0.0007352 0.02067
2.75 H Shoulder H - 0.0009889
6.75 I Shoulder I - 0.001719
7.75 J Gear 4 - 0.001583 0.02155
10 B Right Bearing 0 0.05711
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The same analyses  must be performed for the (xy-plane) and the total deflection diagram is
obtained by combining the deflection results in the two orthogonal planes.
𝑦𝑐𝑜𝑚𝑏 = √𝑦𝑥𝑧
2 + 𝑦𝑥𝑦
2
2
Deflection and slope results should be compared with the allowable limits listed in table 4.4.
If any value of the deflection is larger than the allowable limit at that point, a new diameter
should be determined as follows:
𝑑𝑛𝑒𝑤 = 𝑑𝑜𝑙𝑑 [
𝑛𝑑𝑦𝑜𝑙𝑑
𝑦𝑎𝑙𝑙
]
1
4
where
𝑦𝑎𝑙𝑙 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑎 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑑 𝑝𝑜𝑖𝑛𝑡, 𝑖𝑛.
𝑛𝑑 𝑖𝑠 𝑡ℎ𝑒 𝑑𝑒𝑠𝑖𝑔𝑛 𝑓𝑎𝑐𝑡𝑜𝑟.
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Similarly, when the  determined slope at any point is larger than allowable slope specified in
table 4.4, a new diameter should be determined as follows:
𝑑𝑛𝑒𝑤 = 𝑑𝑜𝑙𝑑
[
𝑛𝑑 (
𝑑𝑦
𝑑𝑥
)
𝑜𝑙𝑑
(
𝑑𝑦
𝑑𝑥
)
𝑎𝑙𝑙 ]
1
4
Where
(
𝑑𝑦
𝑑𝑥
)
𝑎𝑙𝑙
𝑖𝑠 𝑡ℎ𝑒 𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 𝑠𝑙𝑜𝑝𝑒.
Then the largest of the two (𝑑𝑛𝑒𝑤 𝑑𝑜𝑙𝑑
⁄ ) is accepted as a correction factor for the entire shaft
by multiplying all the sections by this ratio.
As a final check, the deflection analyses should be repeated with the new diameters to make
sure that the value of deflection and the slope at the critical point is under the allowable limit.
The final bearing slope results show
slope
Bearings xz plane [Deg.] xy plane [Deg.] Total [Deg.] Total [rad.]
Left 0.002263 0.01770 0.02872 0.000501
Right 0.05711 0.02599 0.06274 0.001095
Comparing these values with those of table 4.4 indicate that all the slopes are lower than the
specified limits for ball bearings and, the right bearing slope is within the range of the
cylindrical bearings.
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The angular deflection
The  angular deflection is usually accounted for when the shaft length to diameter ratio is less
than (10:1). Therefore, under the action of transverse shear (V) the shearing deflection is
applicable and must be calculated.
The angular deflection for a stepped shaft is calculated by:
𝜃 = ∑ 𝜃𝑖 = ∑
𝑇𝑖𝑙𝑖
𝐺𝑖𝐽𝑖
For a constant torque across a homogeneous material,
𝜃 =
𝑇
𝐺
∑
𝑙𝑖
𝐽𝑖
𝜃 = 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛, 𝑟𝑎𝑑𝑖𝑎𝑛𝑠.
𝑇 = 𝑡𝑜𝑟𝑞𝑢𝑒, 𝑙𝑏𝑓. 𝑖𝑛.
𝐺 = 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑟𝑒𝑔𝑖𝑑𝑖𝑡𝑦, 𝑝𝑠𝑖
𝑙𝑖 = 𝑙𝑒𝑏𝑡ℎ 𝑜𝑓 𝑟𝑒𝑎𝑐ℎ, 𝑖𝑛.
𝐽𝑖 = 𝑝𝑜𝑙𝑎𝑟 𝑠𝑒𝑐𝑜𝑛𝑑 𝑚𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ, 𝑖𝑛4
𝐽 =
𝜋𝑑4
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